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SUMS OF PRODUCTS OF CONGRUENCE CLASSES
AND OF ARITHMETIC PROGRESSIONS
SERGEI V. KONYAGIN AND MELVYN B. NATHANSON
Abstract. Consider the congruence class Rm(a) = {a + im : i ∈ Z} and the
infinite arithmetic progression Pm(a) = {a+im : i ∈ N0}. For positive integers
a, b, c, d,m the sum of products set Rm(a)Rm(b)+Rm(c)Rm(d) consists of all
integers of the form (a+im)(b+jm)+(c+km)(d+ℓm) for some i, j, k, ℓ ∈ Z}.
It is proved that if gcd(a, b, c, d,m) = 1, then Rm(a)Rm(b) + Rm(c)Rm(d) is
equal to the congruence class Rm(ab + cd), and that the sum of products set
Pm(a)Pm(b) + Pm(c)Pm(d) eventually coincides with the infinite arithmetic
progression Pm(ab + cd).
1. Sums of product sets
Let Z denote the set of integers and N0 the set of nonnegative integers. For
every prime p and integer n, we denote by ordp(n) the greatest integer k such that
pk divides n.
Let X and Y be sets of integers. These sets eventually coincide, denoted X ∼ Y,
if there is an integer n0 such that, for all n ≥ n0, we have n ∈ X if and only if
n ∈ Y. We define the sumset X + Y = {x + y : x ∈ X, y ∈ Y }, the product set
XY = {xy : x ∈ X, y ∈ Y }, and, for any integer δ, the dilation δ∗X = {δx : x ∈ X}.
Let a, b, and m be integers with m ≥ 1. We denote the congruence class of a
modulo m by
Rm(a) = {a+ im : i ∈ Z}.
For all a and b, we have
Rm(a)Rm(b) ⊆ Rm(ab).
This inclusion can be strict. For example, 53 ∈ R19(15) but 53 /∈ R19(3)R19(5)
since 53 is prime. Thus, the product of two congruence classes modulo m is not
necessarily a congruence class modulo m.
The case of sums of products of congruence classes is different. For all integers
a, b, c, d, and m with m ≥ 1 we have
Rm(a)Rm(b) +Rm(c)Rm(d) ⊆ Rm(ab+ cd).
We shall prove that if gcd(a, b, c, d,m) = 1, then
Rm(a)Rm(b) +Rm(c)Rm(d) = Rm(ab + cd)
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and if gcd(a, b, c, d,m) = δ, then
Rm(a)Rm(b) + Rm(c)Rm(d) = Rδm(ab+ cd).
Let a, b, c, d, and m be positive integers. We denote the infinite arithmetic pro-
gression with initial term a and difference m by
Pm(a) = {a+ im : i ∈ N0}.
Then Pm(a)Pm(b) ⊆ Pm(ab). Again we choose a = 3, b = 5, and m = 19. By
Dirichlet’s theorem, there are infinitely many primes p ≡ 15 (mod 19), and none of
these is a product of an integer congruent to 3 and an integer congruent to 5 modulo
19. It follows that there are infinitely many integers in the arithmetic progression
P19(15) that do not belong to the product set P19(3)P19(5), and so
P19(3)P19(5) 6∼ P19(15).
Thus, the product of two arithmetic progressions with difference m does not nec-
essarily eventually coincide with an arithmetic progression with difference m. On
the other hand, we shall prove that if (a, b, c, d,m) = 1, then
Pm(a)Pm(b) + Pm(c)Pm(d) ∼ Pm(ab + cd).
Sums of products in finite fields have been studied recently by Hart and Io-
sevich [2] and Glibichuk and Konyagin [1]. The problem of sums of products of
congruence classes of integers actually arose in unpublished work of Robert Schnei-
derman and Peter Teichner in low-dimensional topology. They are studying the
failure of the Whitney move and are trying to measure this failure in terms of an
obstruction theory for ”Whitney Towers” (iterated layers of Whitney disks) built
on immersed surfaces in 4-manifolds. The associated intersection invariants have
indeterminacies that can be non-linear in the presence of certain non-vanishing
‘lower order’ invariants. In particular, investigating the problem of homotoping
four 2-spheres to be disjoint in a simply-connected 4-manifold, they were led to a
set of lattice points in Z2, and asked if this set is an additive subgroup of Z2. Pro-
jecting this set onto its first coordinate gives precisely the set of integers considered
in Theorem 3, and Theorem 3 states that this set is a subgroup of the additive
group of integers.
2. Sums of products of pairs
Lemma 1. Let a, b, c, d, and m be integers with m ≥ 1, and let
(1) N ≡ ab+ cd (mod m).
If there exist integers a′ and c′ such that
a′ ≡ a (mod m)
c′ ≡ c (mod m)
gcd(a′, c′) = m′
and
N ≡ a′b+ c′d (mod mm′)
then there exist integers b′ and d′ such that
(2) b′ ≡ b (mod m)
(3) d′ ≡ d (mod m)
SUMS OF PRODUCTS 3
(4) N = a′b′ + c′d′.
If a′ and c′ are positive and
(5) N ≥ a′b + c′d+m(a′ −m′)(c′ −m′)
then there exist integers b′ ≥ b and d′ ≥ d that satisfy (2), (3), and (4).
Proof. Congruence (1) implies that there is an integer ℓ such that
N = a′b+ c′d+ ℓmm′.
Since m′ = gcd(a′, c′), there exist integers r and s such that
a′r + c′s = ℓm′ =
N − (a′b+ c′d)
m
.
Defining b′ = b+mr and d′ = d+ms, we obtain
N = a′b′ + c′d′.
A theorem of Sylvester [3, Theorem 1.17], which is a special case of the linear
diophantine problem of Frobenius, implies that if a′ and c′ are positive integers
with (a′, c′) = m′ and if
ℓ ≥
(
a′
m′
− 1
)(
c′
m′
− 1
)
then there exist nonnegative integers r and s such that a′r + c′s = ℓm′. It follows
that if N satisfies inequality (5), then b′ ≥ b and d′ ≥ d. This completes the
proof. 
Theorem 1. If a, b, c, d, and m are integers with m ≥ 1 and (a, b, c, d,m) = 1, then
Rm(a)Rm(b) +Rm(c)Rm(d) = Rm(ab+ cd).
Proof. Since we are only interested in the congruence classes of a, b, c, d modulo m,
we can assume without loss of generality that a, b, c, d are positive.
Let N ∈ Rm(ab + cd). There is an integer k such that
N = ab+ cd+ km.
We define
m′ = gcd(a, c,m).
Then 1 ≤ m′ ≤ m. Since
gcd(b, d,m′) = gcd(a, b, c, d,m) = 1
there are integers x, y, z such that
(6) bx+ dy +m′z = k =
N − (ab+ cd)
m
.
Choose integers x′ and y′ such that
x′ ≡ x (mod m′) and 0 ≤ x′ ≤ m′ − 1
and
y′ ≡ y (mod m′) and bm ≤ y′ ≤ bm+m′ − 1.
There are integers qx and qy such that
(7) x = qxm
′ + x′ and y = qym
′ + y′.
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It follows from (6) and (7) that
N = (a+mx)b + (c+my)d+mm′z
= (a+mx′)b+ (c+my′)d+mm′(bqx + dqy + z).
Let
a0 = a+mx
′ and c0 = c+my
′.
Then a0 ≥ 1 since a ≥ 1,m ≥ 1, and x
′ ≥ 0. We have
a0 ≡ a (mod m)
c0 ≡ c (mod m)
gcd(a0, c0,m) = gcd(a, c,m) = m
′
N ≡ a0b+ c0d (mod mm
′)
and
(8)
{
a ≤ a0 < a+m2
c+ bm2 ≤ c0 < c+ (b + 1)m
2.
Since m′ divides gcd(a0, c0), we have
ordp(m
′) ≤ ordp(gcd(a0, c0))
for all prime numbers p.
Let P be the set of prime numbers that divide m′. The set P is finite because
m′ 6= 0. Then P = P1 ∪ P2, where
P1 = {p ∈ P : ordp(m
′) < ordp(gcd(a0, c0))}
P2 = {p ∈ P : ordp(m
′) = ordp(gcd(a0, c0))}
and P1 ∩ P2 = ∅. By the Chinese remainder theorem, there is an integer u such
that
u ≡ 1 (mod p) for all p ∈ P1
u ≡ 0 (mod p) for all p ∈ P2
and
0 ≤ u <
∏
p∈P
p ≤ m′ ≤ m.
We define
a1 = a0 + dmu
c1 = c0 − bmu.
Then
(a1, c1,m) = (a0, c0,m) = m
′
and so
ordp(m
′) ≤ ordp(gcd(a1, c1)).
Since
a1b+ c1d = a0b + c0d
we have
N ≡ a1b+ c1d (mod mm
′).
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Inequality (8) implies that
(9)
{
a ≤ a0 ≤ a1 ≤ a0 + dm2 ≤ a+ (d+ 1)m2
c ≤ c0 − bm2 ≤ c1 ≤ c0 ≤ c+ (b+ 1)m2
Let p ∈ P1. Then p does not divide u. Moreover, m′ = gcd(a0, c0,m) and
ordp(m
′) < ordp(gcd(a0, c0)) implies that ordp(m) = ordp(m
′). Since p divides m′
and gcd(b, d,m′) = 1, it follows that either p does not divide b or p does not divide
d. If p does not divide d, then
ordp(dmu) = ordp(m) = ordp(m
′) < ordp(gcd(a0, c0)) ≤ ordp(a0)
and so
ordp(a1) = ordp(dmu) = ordp(m
′).
Similarly, if p does not divide b, then
ordp(c1) = ordp(bmu) = ordp(m
′).
It follows that
ordp(m
′) ≥ min (ordp(a1), ordp(c1)) = ordp(gcd(a1, c1))
and so
ordp(m
′) = ordp(gcd(a1, c1)) for all p ∈ P1.
Let p ∈ P2. Then p does divide u. Since ordp(m′) = ordp(gcd(a0, c0)), it follows
that either
ordp(m
′) = ordp(a0) ≤ ordp(c0)
or
ordp(m
′) = ordp(c0) ≤ ordp(a0).
In the first case,
ordp(a0) = ordp(m
′) ≤ ordp(m) < ordp(dmu)
and so ordp(a1) = ordp(a0) = ordp(m
′) ≤ ordp(c1). In the second case, ordp(c1) =
ordp(m
′) ≤ ordp(a1). Therefore,
ordp(m
′) = ordp(gcd(a1, c1)) for all p ∈ P2.
It follows that
ordp(m
′) = ordp(gcd(a1, c1)) for all p ∈ P .
Let P3 be the set of prime numbers that divide a1 but do not divide m. Then P3
is finite since a1 6= 0. By the Chinese remainder theorem, since gcd(mm′, p) = 1,
there is an integer v such that
0 ≤ v ≤
∏
p∈P3
p ≤ a1
and
c1 +mm
′v ≡ 1 (mod p) for all p ∈ P3.
Let a′ = a1 and c
′ = c1 +mm
′v. Inequality (9) implies that
(10)
{
a ≤ a′ ≤ a+ (d+ 1)m2
c ≤ c1 ≤ c′ ≤ c1 + a1m2 ≤ c+ (a+ b+ 1)m2 + (d+ 1)m4
If a prime p divides a′ but does not divide m, then p does not divide c′. Thus,
if a prime divides both a′ and c′, then it must divide m and so it divides m′.
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Since gcd(a′, c′) = gcd(a1, c1), it follows that if p divides both a
′ and c′, then
ordp(gcd(a
′, c′)) = ordp(m
′) and so
gcd(a′, c′) = m′.
We also have
a′ ≡ a (mod m)
c′ ≡ c (mod m)
N ≡ a′b+ c′d (mod mm′).
Lemma 1 implies that N ∈ Rm(a)Rm(b) +Rm(c)Rm(d). This completes the proof.

Theorem 2. Let a, b, c, d, and m be integers with m ≥ 1 and (a, b, c, d,m) = δ.
Then
Rm(a)Rm(b) + Rm(c)Rm(d) = Rδm(ab+ cd).
Proof. For all integers A,M, and δ with M ≥ 1 and δ ≥ 1 we have
δ ∗RM (A) = RδM (δA).
LetA = a/δ,B = b/δ, C = c/δ,D = d/δ, andM = m/δ. Since gcd(A,B,C,D,M) =
1 and M ≥ 1, Theorem 1 implies that
RM (A)RM (B) +RM (C)RM (D) = RM (AB + CD).
Multiplying by δ2, we obtain
Rm(a)Rm(b) +Rm(c)Rm(d) = δ
2 ∗ (RM (A)RM (B) +RM (C)RM (D))
= δ2RM (AB + CD)
= Rδ2∗M ((δA)(δB) + (δC)(δD))
= Rδm(ab+ cd).
This completes the proof. 
Theorem 3. Let a, b, c, d, and m be integers with m ≥ 1 and (a, b, c, d,m) = δ.
Then
{aw + bx+ cy + dz +m(wx + yz) : w, x, y, z ∈ Z} = δZ.
Proof. This is simply an unraveling of Theorem 2. 
Theorem 4. If a, b, c, d, and m are positive integers with (a, b, c, d,m) = 1, then
Pm(a)Pm(b) + Pm(c)Pm(d) ∼ Pm(ab+ cd).
Proof. Let N ∈ Pm(ab + cd). We must prove that if N is sufficiently large, then
N ∈ Pm(a)Pm(b)+Pm(c)Pm(d). In the proof of Theorem 1 we constructed positive
integers a′ and c′ satisfying inequalities (10)
a ≤ a′ ≤ a+ (d+ 1)m2
c ≤ c′ ≤ c+ (a+ b+ 1)m2 + (d+ 1)m4
and the hypotheses of Lemma 1:
a′ ≡ a (mod m)
c′ ≡ c (mod m)
gcd(a′, c′) = m′
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and
N ≡ a′b+ c′d (mod mm′)
Let
N0 =(a+ (d+ 1)m
2)b+ (c+ (a+ b+ 1)m2 + (d+ 1)m4)d
+m(a+ (d+ 1)m2)(c+ (a+ b+ 1)m2 + (d+ 1)m4).
Then
N0 ≥ a
′b+ c′d+ma′c′ > a′b+ c′d+m(a′ −m′)(c′ −m′).
It follows from Lemma 1 that if N ≥ N0, then there exist integers b′ ∈ Pm(b) and
d′ ∈ Pm(d) such that N = a′b′ + c′d′. This completes the proof. 
3. Iterated sums and products
Let h ≥ 2 and let k1, k2, . . . , kh be positive integers such that k1 ≤ k2 ≤ · · · ≤ kh.
Let ai,j ∈ Z for i = 1, . . . , h and j = 1, . . . , ki, and let m ≥ 1. Then
h∑
i=1
ki∏
j=1
Rm(ai,j) ⊆ Rm

 h∑
i=1
ki∏
j=1
ai,j

 .
We would like to know when the inclusion is an equality, that is, when we have
h∑
i=1
ki∏
j=1
Rm(ai,j) = Rm

 h∑
i=1
ki∏
j=1
ai,j

 .
Lemma 2. Let a0, a1, a2, . . . , ak, and m be integers with m ≥ 1. Then
Rm(a0) +Rm(a1)Rm(a2) · · ·Rm(ak) = Rm(a0 + a1a2 · · · ak).
Proof. If
N ∈ Rm(a0) +Rm(a1)Rm(a2) · · ·Rm(ak)
then there are integers q0, q1, q2, . . . , qk such that
N = (a0 + q0m) + (a1 + q1m)(a2 + q2m) · · · (ak + qkm)
and so
N ≡ a0 + a1a2 · · ·ak (mod m).
It follows that
Rm(a0) +Rm(a1)Rm(a2) · · ·Rm(ak) ⊆ Rm(a0 + a1a2 · · · ak).
Conversely, if
N ∈ Rm(a0 + a1a2 · · · ak)
then there is an integer q such that
N = a0 + a1a2 · · · ak + qm
= (a0 + qm) + a1a2 · · · ak
∈ Rm(a0) +Rm(a1)Rm(a2) · · ·Rm(ak)
and so
Rm(a0 + a1a2 · · · ak) ⊆ Rm(a0) +Rm(a1)Rm(a2) · · ·Rm(ak).
This completes the proof. 
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Theorem 5. Let h ≥ 2 and let k1, k2, . . . , kh be positive integers such that k1 ≤
k2 ≤ · · · ≤ kh. Let ai,j ∈ Z for i = 1, . . . , h and j = 1, . . . , ki, and let m ≥ 1. If
k1 = 1 or if k1 = k2 = 2 and gcd(a1,1, a1,2, a2,1, a2,2,m) = 1, then
h∑
i=1
ki∏
j=1
Rm(ai,j) = Rm

 h∑
i=1
ki∏
j=1
ai,j

 .
Proof. The case h = 2 follows immediately from Lemma 2 and Theorem 1, and the
result for all h ≥ 2 follows by induction. 
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